We extend the BFSS matrix theory by means of Lie 3-algebra. The extended model possesses the same supersymmetry as the original BFSS matrix theory, and thus as the infinite momentum frame limit of M-theory. We study dynamics of the model by choosing the minimal Lie 3-algebra that includes u(N) algebra. We can solve a constraint in the minimal model and obtain two phases. In one phase, the model reduces to the original matrix model. In another phase, it reduces to a simple supersymmetric model. 
Introduction
The BFSS matrix theory [1] is a promising matrix model for the infinite momentum frame (IMF) limit of M-theory. This model owns the same space-time supersymmetry as the IMF limit of M-theory. The existence of graviton is demanded by the thirty-two supercharges that generate the N = 1 supersymmetry in eleven dimensions.
In spite of the fact that this matrix model is known to describe some dynamics in Mtheory, it is hard to analyze the model owing to its many interactions. Many ideas are necessary to study M-theory. Extending the matrix model is one reasonable way to obtain new ideas to study not only M-theory but the original BFSS matrix theory.
Recently, 3-algebraic symmetries were found in multiple M2-brane effective actions [2] [3] [4] [5] [6] [7] [8] 1 and 3-algebras have been intensively studied . Originally, the bosonic part of the membrane action has a 3-algebraic symmetry. That is, it can be written in the symmetry manifest form as
2 + Λ where { , , } denotes Nambu-Poisson bracket [38, 39] . Therefore, one can expect that 3-algebraic symmetry plays important roles in M-theory 2 [40] [41] [42] [43] [44] .
In this paper, we make an extension of the BFSS matrix theory. "Extention" implies that the model owns a 3-algebraic structure that includes a Lie-algebraic structure. The model allows any 3-algebra whose triple product is totally antisymmetric. Such 3-algebra is so-called Lie 3-algebra. It owns the same supersymmetry as the BFSS matrix theory, that is, the same supersymmetry as the IMF limit of M-theory. Therefore, gravitons exist in the extended model.
We also investigate dynamics of the model by choosing the minimal Lie 3-algebra that includes u(N) algebra. In the minimal model, we can solve a constraint and obtain two phases. In one phase, the model reduces to the original BFSS matrix theory. In another phase, the model reduces to a simple supersymmetric model, which is easier to analyze.
The rest of this paper is organized as follows. In section 2, we review on Lie 3-algebra.
In section 3, we construct an extended BFSS matrix theory that allows any Lie 3-algebra.
The algebra of the supersymmetry closes on-shell. In section 4, we study the model with the minimal Lie 3-algebra that includes u(N). In section 5, we study a phase structure of the model. In section 6, we make a conclusion and discusssions.
Lie 3-algebra
Lorentzian Lie 3-algebra includes Lie-algebra. In this section, we review on this algebra.
Lie 3-algebra is expressed by three-brackets,
where f ABC D are structure constants. The bracket is totally antisymmetric. The gauge transformation is given by
An inverse of a metric is given by symmetric products,
and indices A, B, · · · are raised and lowered by g AB and g AB . For gauge covariance, the algebra must satisfy the gauge invariance of the metric and the fundamental identity. Gauge invariance of the metric implies that
Thus, indices of f ABCD are totally anti-symmetric. The fundamental identity, which is an analogue of Jacobi identity is given by
This is expressed in terms of the structure constants as
In addition, Lorentzian Lie 3-algebra owns a maximally isotropic center: Generators are given by T α , Tᾱ and T I where Tᾱ are elements of the center. Non-zero components of a metric are given by g αβ = −δ αβ and positive definite metric g IJ .
Finite-dimensional indecomposable metric Lie 3-algebras with maximally isotropic center are categorised in [30] . The vector space is defined by . The elements T α , Tᾱ, T is (∈ W s ),
where 
f isjs s ks are structure constants of simple Lie-algebras and ǫ aπ bπ are antisymmetric tensors in two-dimensional vector spaces. Non-zero metrics are given by g αβ = −δ αβ and positive definite metrics g isjs , g aπ bπ and g pq .
An infinite-dimensional Lorentzian Lie 3-algebra associated with Kac-Moody algebra was studied in [29] .
Extended BFSS Matrix Theory
In this section, we extend the BFSS matrix theory to a Lie 3-algebraic model. We consider a scalar Φ, SO(9) vector X a (a = 1, · · · 9) and SO(1,9) Majorana-Weyl fermion Θ spanned by Lie 3-algebra. The Weyl condition is given by
A covariant derivative in a Lie 3-algebraic gauge theory in one dimension is defined as [2] [3] [4] 
where a 0AB is a gauge field in one dimension. The gauge transformation is given by
where
We extend the dynamical supertransformation of the BFSS matrix theory as follows,
where a, b run from 1 to 9. We consider a theory in which Φ is covariantly constant,
This condition is necessary for closure of the supersymmetry algebra. This condition is consistent with the supertransformation, namely
From this transformation, we obtain a supersymmetry algebra,
. This algebra closes among the supertransformation, translation and gauge transformation on-shell if we take
as an equation of motion of the fermion. By transforming this, we obtain a part of equations of motion of bosons.
One can show that an action
with a constraint (3.5) is invariant under (3.4). One can also reproduce the equations of motion of Θ (3.8) and X a (3.9). The equation of motion of the gauge field is given by
where O is an arbitrary field. If we take Φ as O, (3.10) is reproduced.
Because the kinetic term −∂ 0 X ā α ∂ 0 X aα has wrong sign, there are ghosts in this action. Thus, we introduce an additional shift symmetry and gauge away X ā α and Θᾱ. Such a prescription is given in [48] . The action (3.11) has a global shift symmetry of the center field,
(3.13)
In order to make it to a local symmetry, we introduce new fields, SO(9) vectors C ā α and SO(1,9) Majorana Weyl fermions χᾱ. The unitary action is given by
with (3.5). This action is invariant under the additional local shift symmetry,
The dynamical supertransformation under which (3.14) with (3.5) is invariant is given by (3.4) and
From this transformation, we obtain
The algebra closes among the supertransformation, the translation and the gauge transformations on-shell.
This model also has kinematical supersymmetry,
The algebra is given by
This supersymmetry algebra (3.17), (3.19) and (3.20) is consistent with that of M-theory as in the same way as the BFSS matrix model [49] :
By using the additional shift symmetry (3.15), we can fix the gauge,
As a result, we obtain a ghost free theory (3.14) with (3.5) and (3.22).
Minimal Model
In this section, we study the unitary model in the previous section with the minimal Lorentzian Lie 3-algebra that includes u(N) algebra. Non-zero structure constants are given by
where κ α is an arbitrary vector and f ij k are structure constants of u(N) algebra. The other f ABCD are zero except for the antisymmetrized above form. Non-zero components of the metric are given by
where h ij is Cartan metric of the Lie algebra. Then, non-zero commutators are given by
As one can see from the above algebra, the Lorentzian direction is essentially one-dimensional.
Thus in the following, we only consider the case κ α is a one-dimensional vector. We denote α as 0 andᾱ as − and choose κ α = 1. To summarize, the non-zero algebra is given by
where [T i , T j ] is the Lie bracket. Non-zero components of the metric are given by
The covariant derivative in the Lie-algebra manifest form is given by
The explicit form of the action (3.14) with (3.22) is given by
where u(N) covariant derivative is defined as Because T 0 component of the constraint (3.5) is given by
we can treat Φ 0 as an order parameter. In this section, we consider Φ 0 = 0 phase.
Let us consider gauge symmetry of the action. The 3-algebra manifest form is given by
where X stands for any field, such as X M , Φ and Θ. The Lie algebra manifest form is given by δX 0 = 0 parametrizes the u(N) gauge transformation, whereas Λ (2) parametrizes a shift transformation. In Φ 0 = 0 phase, by using the shift symmetry, we can fix the gauge
In this gauge, D 0 Φ = 0 can be solved as follows
As a result,
Then, we obtain
Because χ − , C a − , Θ 0 and X a 0 appear only in the last two terms, χ − and C a − can be integrated out and the last two terms vanishes. Therefore, the action reduces to the BFSS matrix theory
by appropriate field redefinitions and a scale transformation.
New Phase
In this section, we consider Φ 0 = 0 phase. If we integrate out χ − and C a − , we obtain conditions
Without loss of generality, we can choose
where v is a constant. Then, the action is rewritten as
where m runs from 1 to 8. In Φ 0 = 0 phase, we obtain
and constraints become
The first condition determines Φ − . Because the action does not depend on Φ − , only the second condition constrains the action. In v = 0 case, we have
There is no constraint. Because we can takeã 0 = 0 gauge, the theory is free in this phase.
In v = 0 case, because the coefficient of a
0 is constant and there is no constraint on a ′ i 0 , we can integrate out it. After integration, we obtain We should note that the action does not depend on X 9 . v can be absorbed by a redefinition of Φ.
The dynamical supertransformation reduces to
under which the action (5.7) is invariant.
Supersymmetry algebra that follows from the above transformation is given by This dynamical supersymmetry and kinematical supersymmetry forms algebra generated by 32 supercharges, which is consistent with M-theory.
Conclusion and Discussion
In this paper, we have extended the BFSS matrix theory and obtained the 3-algebra BFSS matrix theory. The model allows any Lie 3-algebra. It owns the same supersymmetries as the original theory, thus as the IMF limit of M-theory.
As a first step to study dynamics of the extended model, we have chosen the minimal 
